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This supplement contains the proofs of the theorems stated in ?5. 

Lemma S.1. There holds (v", q) - Pkk-l (y - Ymz - Zm). 

Proof. Note that (vO,qO) and Pkk-1 (y - Ym, Z - Z) both belong to Vk?4 x Qk-2. Given 

any (v,q) G v. x Qk-2, it follows from (3.4) and (3.11) that 

Bk-1 ((V", q), (v, q)) - (B' 1 (vO, q), (v, q)) 

= (IkkBk (Y Y, Z - Zm), (,q))k1 

= (Bk(Y - y, Z - Zm), Ik_I (v, q)) k 

= 13k ((- Ym,z - zn), Ik- (v, q)) 

= Bk-1 (Pkk (Y - Ym, Z-zm) (v, q)) 

The lemma now follows from Proposition 2.7. n 

Let the kth-level relaxation operator Rk be defined by 

(S.1) Rk = I (B-L)2. 

(Recall that Ak C h -4 dominates the spectral radius of (Bjf )2.) 

Note that by the definition of the mesh-dependent norms we have 

(S.2) 1jRk(v,q)I[s,k < 1(v,q)ll,k 'V (v,q) E Vk X Qk-l and s C R. 

From the smoothing step (4.2), we obtain 

(S.3) (Y -Ym, Z - Zm)= Rk(y - yo, Z - zo). 

Combining Lemma S.1 and (S.3), we have the following relation between the initial error 
and the final error of the two-grid algorithm: 

(S.4) (Y- y, z- z) = (I- _ 
-k_j 

1 yo, z- zo). 

The effect of Rm is measured by the following lemma on the smoothing property. 
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